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PREFACE 
Water r e sou rce  systems have been an  impor tan t  p a r t  of  re-  
sou rces  and environment r e l a t e d  r e sea rch  a t  IIASA s i n c e  i t s  
incep t ion .  A s  demands f o r  wate r  i n c r e a s e  r e l a t i v e  t o  supply,  
t h e  i n t e n s i t y  and e f f i c i e n c y  o f  water  r e sou rce  management must 
be developed f u r t h e r .  This  i n  t u r n  r e q u i r e s  an  i n c r e a s e  i n  t h e  
degree  o f  d e t a i l  and s o p h i s t i c a t i o n  of  t h e  a n a l y s i s ,  i nc lud ing  
economic, s o c i a l  and environmental  e v a l u a t i o n  of w a t e r  r e sou rces  
development a l t e r n a t i v e s  a ided  by a p p l i c a t i o n  of  mathematical  
modeling techniques ,  t o  gene ra t e  i n p u t s  f o r  p lanning ,  des ign ,  
and o p e r a t i o n a l  d e c i s i o n s .  
This  paper was w r i t t e n  as p a r t  of a coAlabora t ive  s tudy  on 
w a t e r  r e s o u r c e s  problems i n  Southwestern Skane, Sweden, pursued 
by IIASA i n  c o l l a b o r a t i o n  wi th  t h e  Swedish Nat iona l  Environmental 
P r o t e c t i o n  Board and t h e  Un ive r s i t y  of  Lund, and completed i n  1 9 8 2 .  
The purpose of  t h i s  paper  w a s  t o  examine t h e  municipal  wate r  
p r i c i n g  system as it now e x i s t s  i n  Skane and t o  compare it wi th  
t h e  two-part t a r i f f  system. The paper d i s c u s s e s  t h e  impor tan t  
r e l a t i o n s h i p  between t h e  w a t e r  p r i c i n g  system and sudden s h i f t s  
i n  municipal  w a t e r  demand. 
Janusz Kindle r  
Leader 
Inpac t s  of  Human A c t i v i t i e s  on 
Environmental Systems P r o j e c t  
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ON MUNICIPAL WATER PRICING PRACTICES I N  
THE SOUTHWESTERN S ~ N E  REGION, SWEDEN* 
The problem o f  f i x i n g  t h e  p r i c e  f o r  wa t e r  h a s  been de f ined  
by Re ingard t  a s  f o l l ows :  The e x i s t i n g  sys tem o f  f i x i n g  p r i c e s  
accord ing  t o  t h e  amount of  wa t e r  used,  does n o t  b e a r  any r e l a t i o n  
t o  t h e  c o s t  of  wa t e r  d e l i v e r y .  Up t o  90% of  t h e  annua l  c o s t s  o f  
waterworks and was te  t r e a t m e n t  f a c i l i t i e s  a r e  c o n s t a n t ,  b u t  90% 
o f  t h e  revenues  f o r  w a t e r  supp ly  and waste  evacua t i on  a r e  o b t a i n e d ,  
a s  a  r u l e ,  from t h e  p r i c e  charged  p e r  cub i c  meter  o f  wa t e r  used 
(Re ingard t ,  1979) . 
This  p r i c e - p e r - u n i t  sys tem proves  t o  be o f  l i t t l e  use when 
t h e r e  i s  an  unexpected d rop  i n  w a t e r  demand, because it r e s u l t s  
i n  an  i n c r e a s e  i n  t h e  p r i c e  o f  w a t e r ,  which i n  t u r n  r e s u l t s  i n  
a  f u r t h e r  dec rea se  o f  w a t e r  demand and subsequent  n e g a t i v e  soc io-  
economic consequences.  S ince  an  unexpected d rop  i n  w a t e r  demand 
d i d  occur  i n  Sweden (Andersson, e t  a l .  1979 ) ,  t h i s  q u e s t i o n  
a t t r a c t e d  p a r t i c u l a r  a t t e n t i o n  i n  connec t ion  w i t h  t h e  Bolmen w a t e r  
t r a n s f e r  p r o j e c t  i n  Sksne.  Re ingard t  (1979) has  proposed t h e  two- 
p a r t  t a r i f f  sys tem w i t h  a h i g h e r ,  f i x e d  p r i c e  f o r  wa t e r .  
* 
The e x i s t e n c e  o f  t h i s  problem became a p p a r e n t  d u r i n g  d i s c u s s i o n s  
w i t h  Janusz K ind l e r ,  Lennar t  de  Mare, F e l i x  Ereshko and S e r g e i  
Orlovsky,  when A .  Lotov v i s i t e d  I I A S A  i n  April/May, 1980. 
MATHEMATICAL DESCRIPTION O F  THE SYSTEM 
CURRENTLY I N  USE 
The c o s t s  t i e d  t o  w a t e r  d e l i v e r y  c a n  be d i v i d e d  i n t o  two 
p a r t s :  
( 1 )  f i x e d  c o s t s ,  deno ted  by Co; 
( 2 )  t h e  c o s t  p e r  c u b i c  meter o f  w a t e r  u s e d ,  d e s c r i b e d  
by l i n e a r  f u n c t i o n  C l x ( t ) ,  where C 1  i s  c o n s t a n t ,  and 
x ( t )  i s  t h e  volume o f  w a t e r  d e l i v e r e d  t o  consumers 
d u r i n g  a  t i m e  p e r i o d  t. 
Thus t h e  t o t a l  c o s t s  C ( t )  o f  w a t e r  s u p p l y  d u r i n g  a  t i m e  p e r i o d  
t can  b e  d e s c r i b e d  a s  
I n  accordance  w i t h  a c c e p t e d  p r a c t i c e  i n  Sweden, w e  c a n  
suppose t h a t  i n  t h e  p r o c e s s  o f  w a t e r  p r i c e  s e t t i n g ,  t h e  wa te r -  
works, owned by m u n i c i ? a l i t i e s ,  f o l l o w  t h e  p r i n c i p l e  t h a t  t h e  
s o u r c e  o f  t h e  o r g a n i z a t i o n ' s  r evenue  s h o u l d  be  t h e  s a l e  o f  w a t e r ,  
a t  t h e  p r i c e  set by it. I n  t h i s  c a s e ,  t h e  p r i c e  chosen by t h e  
w a t e r  s u p p l i e r ,  i n  t h e  t i m e  p e r i o d  t, shou ld  s a t i s f y  t h e  cond i -  
t i o n  
o r ,  t a k i n g  a c c o u n t  of  ( 1 )  , 
o r ,  
I n s t e a d  o f  ( 2 ) ,  a  s l i g h t l y  d i f f e r e n t  v e r s i o n  o f  t h e  p r i c e  e q u a t i o n  
may b e  used ,  c o n n e c t i n g  p r i c e  t o  t h e  v a l u e  o f  w a t e r  consumption,  
d u r i n g  t h e  p reced ing  p e r i o d  o f  t ime ,  i . e .  
T h i s  e qu a t i o n  may b e  used f o r  a n  approximate  d e s c r i p t i o n  o f  t h e  
p r o c e s s  o f  p r i c e  s e t t i n g  by t h e  munic ipa l  waterworks.  
I n  a d d i t i o n  t o  ( 3 ) ,  it i s  neces sa ry  t o  have a mathemat ica l  
model o f  consumer behav iour .  The well-known consumption f u n c t i o n  
sugges ted  by S t o n e  [ 3 ]  h as  been used below: 
where t h e  c o n s t a n t  a. i s  minimum consumption,  and al i s  -- 
A sys tem o f  two e q u a t i o n s  
d e s c r i b e s  approx imate ly ,  t h e  w a t e r  t a r i f f  sys tem c u r r e n t l y  i n  use  
0 i n  t h e  Skane r e q i o n .  
I n  t h e  f o l l o w i n g  pages ,  a mathemat ica l  model o f  t h e  two-par t  
t a r i f f  sys tem h a s  been c o n s t r u c t e d ,  based on t h e  assumpt ions  o f  L.  
R e i n g a rd t  [ 2 ] .  A comparison o f  t h e  two sysbems i s  made sub- 
s e q u e n t l y .  
MATHEMATICAL DESCRIPTION OF THE 
TWO-PART TARIFF SYSTEM 
I n  t h e  two-par t  t a r i f f  sys tem,  u s e r  payment i s  d i v i d e d  
i n t o  two p a r t s .  Users have t o  pay a c o n s t a n t  cha rge ,  pol  f o r  
each t i m e  p e r i o d ,  i r r e s p e c t i v e  o f  t h e  q u a n t i t y  o f  w a t e r  t hey  
a c t u a l l y  consume. The rest of  t h e  s u p p l i e r ' s  income i s  covered 
by t h e  payment p e r  c u b i c  meter o f  wa te r  used. The p r i c e ,  p ,  
i s  determined by ba lanc ing  t h e  income and expend i tu re  o f  t h e  
o r g a n i z a t i o n ,  which i s  supposed t o  be  a  non-p ro f i t ,  s e l f -  
suppor t ing  body, 
Using ( I ) ,  we o b t a i n  an equa t ion  f o r  t h e  p r i c e  
A s  i n  t h e  c a s e  o f  t h e  e x i s t i n g  p r i c e  system, l e t  u s  suppose t h a t  
t h e  p r i c e  i s  s e t  accord ing  t o  wate r  consumntion d u r i n ~  t h e  
preceding t ime  pe r iod ,  i . e .  
Combining t h i s  equa t ion  w i t h  t h e  demand f u n c t i o n  ( 4 ) ,  we 
o b t a i n  a  system o f  two equa t ions ,  which d e s c r i b e  t h e  p r i c e  
dynamics i n  t h e  c a s e  o f  t h e  two-part t a r i f f  system 
Since  system ( 5 )  i s  a  p a r t i c u l a r  c a s e  o f  system ( 8 )  (po be ing  
z e r o ) ,  we s h a l l  examine bo th  systems a t  once ( s e e  ~ i g u r e  1 ) .  
The t h i c k  l i n e  r e p r e s e n t s  t h e  demand curve  ( 4 ) ,  t h r e e  d o t t e d  
l i n e s  a r e  t h e  supply cu rves  ( 7 )  wi th  d i f f e r e n t  r e l a t i o n s  between 
C and po (i. e .  w i t h  d i f f e r e n t  s i g n s  f o r  CA = Co - po) . By 0 
apply ing  economic p r i n c i p l e s ,  we o b t a i n  Co > 0 ,  C1 > 0, a. > 0 ,  
- > 0. The s i g n  CA = Co po a1 > 0, Po - a s  mentioned above, 
i s  n o t  f i x e d  a  p r i o r i .  I n  t h e  ca se  o f  Co < pol model ( 8 )  i s  a  
- 
commonly used cobweb model of market behaviour.  Note t h a t  on 
Figure 1 .  
t h e  curve  ( 7 )  (whi le  po > Co) t h e  v a l u e  o f  p ( t )  may appear t o  be 
nega t ive ,  f o r  s u f f i c i e n t l y  smal l  va lues  o f  x ( t ) :  ( t h i s  f a c t  
has  a  s imple  economic i n t e r p r e t a t i o n :  s i n c e  income due t o  f i x e d  
p r i c e s  appeared t o  be g r e a t e r  than  expendi ture ,  t h e  non-profi  t 
n a t u r e  o f  t h e  o r g a n i z a t i o n  made it necessary  t o  r e t u r n ,  i n  one 
way o r  ano the r ,  p a r t  o f  t h e  money taken i n  advance.)  Th i s  s i t u a -  
t i o n  i s  q u i t e  unna tu ra l .  To avoid it,. we suppose t h a t  f i x e d  
charge po i s  n o t  t o o  g r e a t ,  s o  on t h e  curve  ( 7 )  t h e  va lue  of  
p ( t )  may appear t o  be nega t ive ,  on ly  i n  t h e  c a s e  where x ( t - l ) <  
a. ' 
Since  x ( t - 1 )  > ao ,  whi le  p ( t - 1 )  > 0, i n  t h i s  s i t u a t i o n  p ( t )  
i s  always p o s i t i v e ,  provided p ( o )  > 0. Thi s  requirement  can  be 
expressed a s  fol lows:  
wh i l e  x ( t - 1 )  > a. . 
This  r e l a t i o n  r e s u l t s  i n  t h e  r e s t r i c t i o n  on t h e  va lue  o f  po: 
MATHEMATICAL EXAMINATION OF THE 
WATER PRICE MODEL 
P r o p e r t i e s  o f  t h e  mathematical  model ( 8 )  w i l l  be i n v e s t i g a t e d  
accord ing  t o  t h e  fo l lowing  plan:  
( 1 )  The e x i s t e n c e  o f  t h e  e q u i l i b r i u m  p o i n t ,  i . e . ,  a  p a i r  
o f  (p*,x*)  f o r  which it holds  
( 2 )  t h e  s t a b i l i t y  o f  t h e  p o i n t  (p* ,x*)  , i. e . ,  t h e  condi-  
t i o n s  o f  convergence o f  t h e  t r a j e c t o r i e s  o f  t h e  
0 0 
sys tem ( 8 )  w i t h  i n i t i a l  v a l u e s  p ( o )  = p  , x ( o )  = x  
t o  t h e  p o i n t  (p* ,x*)  f o r  s u f f i c i e n t l y  wide  set  o f  
0 
and x  ; 
( 3 )  t h e  dependence of t h e  c o o r d i n a t e s  o f  t h e  e q u i l i b r i u m  
p o i n t ,  on t h e  pa ramete r s  o f  sys tem ( 8 )  ; 
( 4 )  economic i n t e r p r e t a t i o n  o f  t h e  mathemat ica l  r e s u l t s  
o b t a i n e d ,  and conc lu s ions .  
E x i s t e n c e  o f  t h e  Eq u i l i b r i um P o i n t  
The e x i s t e n c e  o f  t h e  unique e q u i l i b r i u m  p o i n t  seems t o  b e  
obv ious  ( F i g u r e  1  ) . Each o f  t h e  supp ly  c u r v e s  ( 7 )  , c r o s s e s  a  
demand c u r v e  ( 4 )  a t  a  unique  p o i n t  (p* ,x*)  , and because  o f  (9), 
a t  t h i s  p o i n t  h o l d s  p* > 0 and x* > ao.  I f  a  p o i n t  o f  i n t e r s e c t i o n  
between t h e  cu r v e  ( 4 )  and t h e  s t r a i ~ h t  l i n e  P (t) = C, i s  denoted. 
by xg, it i s  obvious  t h a t  
( 1 )  x* < x* 
0 P* > c1 w h i l e  Co > po; 
( 2 )  x* = x* 
0 p* = C1 w h i l e  Co = po; 
( 3 )  x* > x* 
0 P* < c1 w h i l e  Co < po . 
The same r e s u l t s  co u l d  b e  o b t a i n e d  fo rma l ly .  System (10)  may b e  
w r i t t e n  a s  
T h i s  e q u a t i o n  can  b e  t r ans formed  i n t o  a  q u a d r a t i c  e q u a t i o n  f o r  
p*: 
The on ly  p o s i t i v e  r o o t  o f  t h i s  equa t ion  is  
An a n a l y s i s  o f  t h i s  equa t ion  wi th  r e s p e c t  t o  d i f f e r e n t  
s i g n s  o f  (co - po) r e s u l t s  i n  t h e  same conc lus ions  a s  t h e  
g r a p h i c a l  a n a l y s i s .  
S t a b i l i t y  Ana lys i s  
The system ( 8 )  g i v e s  t h e  r e l a t i o n s  between t h e  va lues  o f  
p r i c e  i n  two succes s ive  per iods :  
To prove a convergence o f  p ( t )  t o  p* it i s  s u f f i c i e n t  t o  
show t h a t  f o r  any t = 1 , 2 ,  ..., t h e  r e l a t i o n  ho lds  
where a < 1 and a does  n o t  depend on t. According t o  (10) and 
( 1 4 )  we g e t  by e lementary t r ans fo rma t ion  
1 
Let  Co > 0. A s  mentioned above, p* > C 1 .  Therefore  
C 1  < 1 ,  i . e . ,  we can t ake  In  the  case  C o t  > 0  we have 1 1 - 
L 1  
a = 11 - P I  . Since t h e  es t imat ion  (16) holds f o r  any p ( t - 1 )  > 0 ,  
1 
(p*,x*) i s  a  g loba l ly  s t a b l e  po in t  f o r  Co > 0. 
When cot = 0 ,  then  p ( t )  = p* = C 1  i s  not  dependent On p ( t - 1 ) -  
I 
Fina l ly  i f  Co < 0,  the  r e l a t i o n  (15) follows from t h e  equat ion 
L 1  (16) when 11 - -1 < 1 Since p* < C 1  f o r  C o t  < 0 ,  the  condi t ion  
P  
1 I 1 - 1 < 1 i s  equ iva len t  t o  
Using ( 1  3 )  we transform (17) t o  
So when condi t ion  (18) holds,  t h e  t r a j e c t o r i e s  of p r i c e s  ( 1 4 ) ,  
uniformly converge t o  t h e  equi l ibr ium p r i c e  p* f o r  any i n i t i a l  
p r i c e  p ( o )  and t h e  equi l ibr ium po in t  is  g loba l ly  s t a b l e .  
The combination of condi t ions  (18) and ( 9 )  r e s u l t s  i n  t h e  
l i m i t a t i o n  on t h e  value of  C o w  = Co - pot i . e . ,  on t h e  value of  
cons tant  charge po, 
a  C 
Po < min {Co + aoC1, co + a l  + - 0 1 }  . 2 
Marginal Analysis 
Now we s h a l l  s tudy t h e  dependence of t h e  equi l ibr ium values 
p* and x* on t h e  v a r i a t i o n s  of demand, i . e . ,  on t h e  v a r i a t i o n s  
of t h e  parameters a. and a l .  The poin t  (p*,x*) is t h e  s o l u t i o n  
of t h e  system of equat ions  
where a  and a l  a r e  independent v a r i a b l e s ,  p* and x* a r e  depen- 
0 
d e n t  ones.  Func t ions  F1 and F2 a r e  con t inuous ly  d i f f e r e n t i a b l e  
on t h e i r  v a r i a b l e s  i n  t h i s  p a r t i c u l a r  ca se .  
I f  one e s t i m a t e s  
D = d e t  
I 
i n  t h e  c a s e  o f  Co - < 0, D - > 1 ,  o the rwi se  it i s  easy  t o  deduce 
from equa t ion  (10)  t h a t  0 < C o g a l  2 < 1 , i . e .  (x*p*) 
Thus w e  can apply  h e r e  t h e  theorem of  p a r t i a l  d e r i v a t i v e s  of 
i m p l i c i t  f unc t ion .  A s  a r e s u l t  w e  have 
The sudden d rop  i n  wate r  demand (ao o r  (and)  a l  dec rease )  always 
r e s u l t s  i n  t h e  d e c r e a s e  of  t h e  volume o f  water  s o l d  ( t h i s  fo l lows  
from (21) and (22) ) , b u t  t h e  magnitude o f  t h e  d e c r e a s e  r e l a t e d  
t o  t h e  drop  i n  demand, depends on Co (i . e. , on t h e  p r i c e  sys  t e m )  . 
W e  have 
and 
and So t h e  va lue  of  t h e  dec rease  ( c h a r a c t e r i z e d  by - 
aao 
ax* ax* - 
-) i n c r e a s e s  t o g e t h e r  wi th  t h e  c o e f f i c i e n t  cot , whi l e  1 )  -- 
aa 1 aao 
1 < 1 f o r  c,' - 1 f o r  c,' = 0 ,  3 )  - > 1 f o r  D < 0, 2) - aao aao 
Co > 0. Th i s  means t h a t  t h e  p r i c e  system ampl i f i e s  t h e  dron 
i n  t h e  demand due t o  a, i n  t h e  c a s e  of C o t  < 0. The d rop  i n  
water  consumption equa l s  t h e  drop  i n  water  demand f o r  C o t  = 0 and 
t h e  p r i c e  system makes water  consumption more s t a b l e  i n  t h e  
c a s e  o f  CO1 > 0 ( t h e  d e c r e a s e  i n  wate r  consumption i s  less t han  
t h e  d rop  i n  wa te r  demand) . 
The d i r e c t i o n  o f  t h e  changes i n  t h e  p r i c e  l e v e l  depends on 
t h e  s i g n  o f  t h e  c o e f f i c i e n t  C o t .  The drop  i n  w a t e r  demand makes 
t h e  p r i c e s  d e c r e a s e  f o r  Col  < 0 .  On t h e  c o n t r a r y ,  t h e  d rop  i n  
w a t e r  demand makes t h e  p r i c e s  i n c r e a s e  f o r  C o t  > 0.  The g r e a t e r  
t h e  c o e f f i c i e n t  C o '  t h e  g r e a t e r  t h e  i n c r e a s e  i n  p r i c e s .  The 
p r i c e  does  n o t  depend on t h e  wate r  demand f o r  C o g  = 0.  These 
f l u c t u a t i o n s  i n  wa te r  p r i c e s  d e s c r i b e  t h e  pa t t . e rn  o f  wate r  
consumption: t h e  r i se  o r  f a l l  i n  p r i c e s t i n d u c e d  by t h e  d rop  i n  
t h e  wate r  demand, makes t h e  dec rease  i n  water consumption g r e a t e r  
o r  smaller. I t  i s  neces sa ry  t o  remember t h a t  t h e  v a l u e  o f  C o g  
has  t o  be  l i m i t e d  by t h e  r e l a t i o n s  ( 9 )  and ( 18)  . 
CONCLUSIONS 
The e x i s t i n g  water p r i c e  system, where a c o n s i d e r a b l e  p o r t i o n  
o f  t h e  income o f  t h e  wate r  s u p p l i e r  i s  o b t a i n e d  from t h e  p r i c e  
pe r  cub ic  meter of wate r  used ( C o g  = Co) , (because  it i s  a non -p ro f i t  
o rgan iza t ion) ,  r e s u l t s  i n  t h e  growth o f  t h e  p r i c e  o f  wa te r ,  i f  a 
sudden d rop  o c c u r s  i n  water demand. This  i n  t u r n ,  r e s u l t s  i n  
t h e  dec rease  o f  wate r  consumption and s o  on. This  p roces s  
a m p l i f i e s  t h e  i n i t i a l  d rop  i n  t h e  water consumption. 
The two-part  t a r i f f  system ( C o g  = Co - po) w i t h  f i x e d  
charges  pot  p a r t i a l l y  (po < C o )  making up f o r  f i x e d  c o s t s ,  
reduces  t h e  p r i c e  growth i n  t h e  c a s e  o f  a sudden d rop  i n  wate r  
demand. Hence, t h e  new p r i c e  system makes wate r  consumption 
more s t a b l e .  
The two-par t  t a r i f f  system, where t h e  f i x e d  p r i c e s  a r e  
equa l  t o  t h e  f i x e d  c o s t s  (po = Co) , r e s u l t s  i n  t h e  fo l lowing:  
t h e  wate r  p r i c e  does  n o t  depend on changes i n  t h e  wa te r  demand. 
I n  t h i s  c a s e ,  t h e  d e c r e a s e  i n  water consumption p a r a l l e l s  t h e  
drop i n  wa te r  demand. 
An examinat ion o f  t h e  model shows t h e  p o s s i b i l i t y  o f  
i n t r o d u c i n g  t h e  f i x e d  prices D ~ ,  which a r e  ( ~ r e a t e r  t han  t h e  f i x e d  
c o s t  Co ( C o g  < 0 ) .  I n  t h i s  c a s e ,  t h e  p r i c e  f a l l s  w i th  t h e  d rop  
i n  t h e  wate r  demand and t h e r e f o r e  s t a b i l i z e s  wate r  consumption. 
I t  shou ld  be  no ted ,  t h a t  i n  t h i s  c a s e ,  f i x e d  c h a r g e s  po shou ld  
n o t  b e  t o o  g r e a t .  To avo id  b r eak ing  t h e  r e l a t i o n s  ( 9 )  and ( 1  8) , 
it i s  n e c e s s a r y  f i r s t  t o  c o n s t r u c t  the demand f u n c t i o n  and o n l y  
t h e n  t o  set t h e  v a l u e  o f  f i x e d  pr ice  po. 
REFERENCES 
Andersson, A . ,  P. Hjor th ,  L. de Idare, and A.L. Thelander. 1979. 
Water Resources Planning and Management i n  Advanced Economics: 
The Case Study of Western ~ k % n e ,  Sweden. WP-73-23. Laxenburg, 
Aus t r ia :  I n t e r n a t i o n a l  I n s t i t u t e  f o r  Applied Systems Analysis .  
Reingardt,  L. 1979. Municipal Water and Waste Charges a s  Applied 
i n  Theory and P r a c t i c e .  Cont r ibu t ion  t o  t h e  d i scuss ion  a t  
t h ~  workshop on "Water Resources Planning i n  t h e  Province of 
Skane." Lund Univers i ty ,  Sweden. 
Stone,  R. 1954. Linear  Expenditure Systems and Demand Analysis:  
An Appl ica t ion  t o  t h e  P a t t e r n  of B r i t i s h  Demand. The Economic 
Journa l  64:511-527. 
